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Abstract,

Wc usc a radar-derived ],l,ysical ]Ilocfd of tl,c  kilometer siied, unifor]u]y ]otatif[g  asteroid 4769
Castalia (1989 1’11) to investigate CIOSC orbit dynanlics. We estal,lisll  t}lat a Jacol,i  iatcgral exists for
]Jarliclcs  orl)itirlg  t,fiis a s te ro id ,  aIId tlIc attcrlcfant  zero veloc i ty  slirfacm  are gcn(]atd arlcl cxa]tlirld. We
filId faltlilics of ],criodic  orbits alId clctcrmillc  tllcir  stal,ility.  We filial that all syl, {llroIlous orbits arid di rect
orbits witkia  N 3 ]nca]l radii of Castalia are  u]lstab]c  atId arc sul]ject  to impact  or cscapc  fro]a Castalia.
Wc fi,, cl tl, at retrograde orbits arc ]uostly  stat)lc  a]ld allow ],arti(  lcs to orbit closely to tlIc asteroid surface.

Wc derive a mocfcJ wkich allows us to predict the  escape  ( onditio],  s of a particle  ia orbit about
(~astalia  and tlIc ca],ture co]lditio](s of a llyJ)crbolic illt[]lo],cr. orbits witllit,  1.5 Iilll of (~astalia  arc subject
to i]anlcdiak cjcctiou  from the system. llypcrbo]ic  orbits with a Vm <0.4  m/s  can I)otcntially  h
captured  by Castalia  if tl)cir  pcria]mis radius is witllia N 2 kIII. l’or (;astalia this caJ)turc  rcgio]l is small,
but tflc results also apply to larger  asteroids wlIosc capture regions woul(l t,c larger  ill gclleral.

Wc dctcrltli]lc  bou IIds 011  cjccta  SJ)CCCIS wliicll eill[cr c]lsurc  cjccta cscaJIc (II rc-i]l)pact  as a fu],clio]l
of ]ocatiou  011 (~aslalia’s  surrdce,  ‘1’IIc ejccta spds which ensur~ escape range  fI(IIII  0.35 to 0.65 111/s over
tllc astet oid’s sarfacc. ‘1’lIc cjccta s],ccds  which C]lsurc ](-ialpact range fro]ll O to 0.15 ]n/s over tllc surface.
I}jcc(a s]mds Iwtwcctl tkcsc  two bouuds  ]cad to either cscapc,  rx -impact or potc], tially  fiuitc  time stab]c
orbits. We (lcvelol) a siii)J)lc criterion which call rxtal)lisll  lvllctllcr  a ])articlc  coul(l have l)cwII ejected  fro]li
the asteroid iu the ])ast or if it will ilapact tkc surface ill the future.

‘1’lIc ]Ilctl,ods  of analysis  we dcvclo})  i]) tl,is  J)aJ)cr arc aJ)])lical)lc to all ul(iforlrll.y  rotating as teroids .
‘1’hcy I)rovidc a basis  from wllick syskmatic studies of particle dyltamics  close to uaiformly  rotatiag
asteroids call bc laullcllcd,

1 Introduction

111 the near futrlrc a]) i]lcrcasing nu]tlbcr  of s]nall, rlear Eartlll  asteroids will ]lavc  their slla])c a]ld
rotatio)lal dy])alllics csli]llat,ed using grou]]d-based  ral)gc-dol)])lcr radar i]lla,gillg.  ‘I’l Ic int,cmt, of tl]is
])alJer  is to ])rovidc  a dctaild look at t,hc orl)ital dy]la]ilics ;,ssociatcd wit]]  As te ro id  4769  Castalia
( 1 9 8 9  I’I\), al)d  to deve lop  gqcral al)alysis  tools wl)icl) call  dcscribc  tl,csc dy]lar],ics i], a
]ncanillgful  way. SuclI all investigation will  hopefully providt t,hc basis for future investigations of
uniforltlly rotjati]lg asteroids when  these data sets I)ccol[]c  ]]]orc  COIIIIIIOII,
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‘J’IIC gravity field llcar this kilorllctcr-sizccl lhirtl-croswr is ]iloddcd llY collll)iliing a
radar-  dcrivd  3-1) slla])r lnodcl  (Iludsol) & ostro 1994), all assumed uniforlll  density of 2.1 g/cc,
and a 4.07-llour  rotation about the ]tlodcl’s largest ]no]tncmt of inertia, ‘J’llc gravity field can  be
cxl)rcssccl  ill c l o d  for]tl  as a l)olyllcdroll o r  ill terlrls of  standard gravitati(l)lal IIarttlollic
cocf[icicllts.

lt) this I)a])cr  wc cx])lore  close-or])it dynalnics around the kiloltlcter-sized ol~jcct  4769
(~astalia (1989  1’11),  tlIc  first l;arthcrossilig asteroid for w]licll  a rmlistic slla])e ]tlodc]  exists.  A
rfdailcd ulldcmtallding of (Illc dynall!ics of orbits close to slllall (kilolllctcr sized), irregularly
slla]~d asteroids is rrqllird for realist, ic investigation of the systcnl]atics cjf cratcrin,g cjccta and tile
cvolutioll  of tl)osr ol)jects’ rcgoliths. ‘1’IIc stability of close  (,rbits bears otI questions about possihlc

sat,ellitcs  of stilall l~odics  and 0]) tlhc ]~ractical  cl]allellgc of II]ancuverill.g  spacecraft near t,llc surfaces

of SUCII  targets as l;artll-:i])])rc)acllillg asteroids. Several aut]lors have tollcltd 011 tlIc issue of
close-or l ] i t  dyllaltlics ((~llallvincau et al., 1994, Cinhla  ct al., 1979, l)clt)rovolskis  I!’ l~urns,  1980,
Scllccrcs 1994 & 1995, Wcidcllsllilling  et al., 1989, IIarris, 1!)87, Geiss]cr et al. ,  1994, l’ctit et al.,
1994)  ;,],(] a fc,v s(,llc]ics ]Iave  ~xalllil)c~  Solrlc of t,]]c rc]cva,,t p h y s i c s  [\fJ1l A’1 1)011S ‘1’111S  hfll;AN ?].

IIowcvcr, lIIC ]Jrcvious  dyllaltlics literatr]rc h a s  u s e d  siltl])lislic  sha])r lIIod(ls ill general (clli])soids)
or IIas IIotj dealt will)  tllc full IIat<urc of the dynmnics of ])articlm near all irregular sl)apc.

Scctioll 2 dcscril~cs  tlIc gcllcration and Clescri]jtioll  of the Castalia sl]a])e,  r o t a t i o n a l
dyllalllics and dmlsity IIlodc].  ‘I’}Icl I we s t a t e  tllc gmlcral cqllatjio~ls  of ~llotion  of a }~articlc  about
SIICII an ast,croid, discuss (Il]c in(cgrals of IIlotion of these collations, aiId cxl)rcss tflc dyllaljlic

cquatiolls ill tcrllls of tl]c  osculating Clc]ncnt)s.
With tflis hasc illforll]ation a llulllbcr  of dyllalllical rf sulk for tf]e slla])c lIIoclcl are d e r i v e d

and discussd in %ctioll 3. Firsl wc c.alcu]atc zero velocity surfaces c)f tile asteroid slid cxl~laitl  tllc
re]evallt  illf’orttlatio]l  which  can  be ol)tained fro~ll tllc]ll. Next wc c.o]llpu(e  fattlilics  of periodic orbits
and det)crltlillc  tlllcir  stability obtaining gcmcral  insights into l)articlc IIlotioll  11) various rcgilllcs
about tllc asteroid. ‘J’llcll wc derive soll)c  genera] Iesul(s 01] the dyllalllics of IIcar-cx]uatoria] orl)its.
‘1’llis analysis ctlal,lcs us to estilllate u n d e r  what cc)llditions  a passing llyl)crl)c~lic ~)articlc  could
l~ocoltlc ca])turcd l)y Castalia, and conversc]y  ullcfcr  w h a t  conditions an orl)ititlg ])articlc could  l)C
cjcclcd frolll tflc (~aslalia syshl). l“or coltl])ldcllcss wc rcvitw tl)e dylla]l]ics of  ])articlcs ill

rclrogradc orl)its. It is SNII that sucl) orl)its ~rlay l)c q u a l i t a t i v e l y  dcscril>ml  using siltl])lc for]llulac.
\,fTc a]so  ~c,llfrc,ll{, scl,cra] iss,]c.s associat~~l  Wi(], t,raj~ct,ori~s  o f  crat,crillg cjecta and rcgolitll

cvolu{iol)  it) gcllcral. l~irst  wc discuss  t,hc local S1O])CS  011 t,fl( Castalia sllrfacc ill tllc colltcxt  of  tl]c
gravity field and ccl]tripcta] accdcrations. ‘] ’]ICII  wc dcvelol, a  criterio][ wllicll  can  discrilllillatc

wllethcr or IIOt an orl~iting  ])artic.lc  could  have  origin atlcxl froln Lllc surffic.e of (~astalia. ‘J’llis
criterion is useful in cstal)lislling wllcther a co-orbital could be an cjecta of tfIc asteroid or if could
iltl])act tllc aslcroid surface ill the future. \41e characterize the cvolutic)]l of ejccta froltl tllc surface

of Caslalia. ‘Jo this ct)d,  estilllatcs of t,lle s])ccd  abc)vc \vlIicll an cjecta will definitely Csca])c tllc
(~ast,alia  systelll as well as cstiltlatcs of the SI)CCCI  I,clow  w]lich  all e jects  \vill drfitlitcly fall l~ack
ollt<o tllc surface of (~astalia arc ddi)lcd as a fullct)ioll  of position 011 (;astalia’s surface. Fi)lally wc
cxal]lillc  tfle })ossil)ility  of cjccta bcillg tra])l)cd ill stal]lc orl)its and  draw conclus ions  al)out tllc
likely distril~utioll  of rc-iltl])act cjecta o]] tllc surface.

SOIIIC sl)ecific  orl~ital  resul ts  IIavc bccm g e n e r a t e d  al)(,ut tj}lc (;astalia l[lodcl  and rccordd  ill
video fort[lat (l)cJo]Ig, 1995). ‘1’his video depicts several diil_crcnt ]~articlc  orbits ill i)lcrtial,
(~astalia-fixd or })articlc-fixd  vimvpoilltls.  It is useful for visualizing. tllc dyllalllic.s  of l)articlcs
about,  a sltlall as teroid  suc]i  as (;astalia. INcludd ill tl)c  vi(lco  arc scgrtlcllls  dc})ictin, g ejects rctunl
and esca])c orl]itls,  stal~lc  retrograde orbits, unstable polar I,crioclic  orl~its  (at varying clcllsitics) and
a IIy])otlletical lallditlg  orl)it for a ])owered  sl)accclaftJ.
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2 Cast,alia Model and Gravity Field

IIudso]l alicl (Mro (1994) usd twllniqucs  first dcscribd by lludsoII (1993) to illvcrt delay- lh]) ] ) ]cr
radar i]tlagcs of (~aslalia t}lat had lJCCII ol]taincd at Arccil)o in 1989 l)y (htro [1 al. ( 1 9 9 0 ) .  ‘1’llcir
invcrsio]l yielded a 167 L])aralllcter, 3-1) shape ltiodrl that is I)ifurcatd into twc) distitlct, i r regular ,
Iiiloltlcter-sized Ioljes  sc])arated by a crevice that has an average dcq)tll of at least 100 III and is
c)ricllicd  IIcarly ])er])elldicular to tile astcroicl’s dilnc)lsion.  ‘1’his iuvcrsioll awu IIIcd u]liforlll d e n s i t y
aIIcl })rillci])al-axis  rotatio]l to e]lsurc  l)lausil)lc  cxtra])olatiolj  of tlIc rccollstructcd  s u r f a c e  itlto tlIe

(}~olar)  rcgioll  IIot  seen by tllc radar .  III th is  paper  we ado]~l t,lI12 sha])c rn(~dcl of IIuclsoll  and Ostro
as a global cstitllatc of tltc sllajm of [;astalia  realizitlg that qualltitaiive  reslilts statecl for tllc
soutl)crll regions arc not well-collstraincd but are ltlcrely ])lausil)lc cstiltlatcs. ‘J’llc asteroid’s
ro ta t ion  l~criod,  cstilllatccl froltl t)hc radar iltlages and also fm]II  optical lif,ljt, curvcs (Iludsoll, Ostro

aild Ilarris, 1995, it) l)rc]).), is 4.07 h. ‘J’hc IIlodd’s volutnr is 0.671 Iirll:i, ~vlticll  corrcspo]tcls

IIleall  radius of 0.54:1 liIII. A collt,our  I)lot  of tllc radius of [~:mtalia is SIIOWII  i~l l~i~urc  1.
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Figure 1: Radius Contours of Castalia

I“or  dcscril)ing  l)ositiolls  al)out,  Castalia wc usc  a  bo[ly-fixd cooldittatc  systlmtt  wltosc  origirl
is at tlIc  II Iodcl’s  cmltroid and whose axes (x, y, 2) corres])(lncl  to LIIC ])rillcil]al axes of sltlallcsl,
illtcrlllcdiatc and its l a r g e s t  IIlo]llcllt of i]lcrtia, rcs])cctivcl]. ‘I’l Ic lIIcIdcl’s rc~tatioli  l)olc  lies  along
tlic 2-axis and its slla])c fits i)lto  tl)c boulldin.g  box, ccut,cr{d  at, its cclltcr of IIlass,
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- -0 .762< x < 0.851, -  0.462< u < 0.519, –0.444 < z < 0.382.  ‘1’he ratios of tllc ]JIoItncIIts cfillcrtia
arc:

13 /12 = 0 . 3 7 2 0 7 (1)

Iy/12 : 0 . 9 3 8 0 5 (2)

A]) estilllate of Cas(a]ia’s drvlsity is dcrivd  usiug the fol]owillg  argu]l]c]lt. First, mtiltlatcs o f
(;astalia>s radar c r o s s  scctio]l and ]Iolarizatiol]  ratio) wllell  itltcr])retd ill tile colltcxt of tlte II UCISO]I
EITICI  os(ro, 19(I4 IIlodelillg (SCC foottlote 13 of that, rcfcrcncell suggests tllfit  tllc a s t e r o i d ’ s  radar
al bcdo duc to sittglc lmck rdlcctio]ls  frolll Slriootllt surface cl[vllents is witllitt 40(X1 of 0.12. ‘J’l]at
all)cdo is a f i r s t  al]l)rc)xil]latlic)ll  to tllc Frcsuc] l~c)l~(r-rcfl(’ctit]ll  cocfflcicllt  1{, }vliich iu turn (in t h i s
sit,uatiol])  call  bc rclat,d to surface bulk dmlsity p th rough  tlll])irical fol [Illllac  l ike

p(l<) = (h’+ 0 . 1 3 ) / 0 . 1 2 (3)

‘J’llis logic  l e a d s  to all i]ltcrviil, 1 .7<  p <2.5 g/CIII:{, for the slllootll  coltI]JolIc]It  of (;astalia’s
surface.  WC ado])t a IIoltliual value of 2.1, wl]icl] cc)rrespollds  to rcsl)cctivc ])orositlcs  of 60(X, and
4 0 %  fc)r ordinary Cllc)lldritcs  and stol)y irons, tl)e cal]didate Illctcoritc allal(,gs for S class asteroids
like (~astalia.

‘1’llal dcllsity  gives a total lllass

Al =. 1.4091 X 1012  kg (4)

aud a gravitational l)aral]lctrr

// = 6’h’ = 9 . 4 0  X  10-8 km3/s2 (5)

wllcrc (; = 6.67259 x 1 0-” 20 krti:3/kg/s2.
‘J’llcrc arc two practical approaches for g,cneratiug t}l[  c.orrcs],ollclillg  cc,llstallt dcusity

gravi ta t ional  f ie ld .  ‘1’lIc IIlorc  colmIIo]I  onc clctmnillcs  the coc~lc.iellts  of a Ilartllouic  cxpausio]) of
tllc gravity field. As is known classically (IMacklillau, 1930),  the gravitatiolla]  ficlcl of ally arbitrary
I)ody  ~tlay I)c cx})rcssd a s  all iltfinitc scrim cx])arisiolt.  ‘1’hc dctcr]tti]tatioll cjf tlIcsc swics
cocflicimltls  is ])crfor~tlcd  by rc})catcclly  intcgratiug o v e r  the cmtirc  volultlc  of tjllc sllapcj onc
itltcgration for cacll  coefficient. If constaut dcnsitly  is assul IIcd, these volul]lc irltegrations IIlay  be
rduccd to illtcgratiolls over tllc surface of the l)ody.  ‘I’l Ic ltlost illl])oriaut tcrllls of tllc llarlllonic
cxl)allsioll o f  tllc gravity ficlcl corrcspolicl  to t h e  (;ZO and C~Z cocfficicllts. l’or tllc Castalia IIIodcl
tllcse arc fouild  to l)r:

C2(I = -7 .275  X 10-2/r~ (6)

(:22 = 2.984  x lo-~/r: (7)

wllcrc r. is all arl)itrary norltlalizatio~l  radius. in tile appc]lclix  is a brief dcscril)tion  of tllc g r a v i t y
ficlcl cxl)ausioll arid  a table giviug tl)c g r a v i t a t i o n a l  C.ocffici(nts  uI) io ordrr 4. ‘1’hc coltlputations
usd ill this pa))cr usc  gravi ta t ional  cocfiicicnts  up  to order 16. ‘1’llc a])])r{)xilllation  error is  usually
stllall if suf[icictlt,  t,er]lls  arc kept, If the gravity field is eval~]atccl  close to or witlliu  the uc)]lli])al
radius  c.lIoscII for tllc body tl]cu  tllc error ltlay l)ccolllc larg(>r as tllc IIigllcr  order  gravi ta t ional
ter]lls tl]cll  carry relatively IIlorc  weight,. l“or the (~astalia gravity field a IIorlllalizatioll radius of
.5431  kill is usrd, wllicll  is tllc l]]ca]l  radius of tllc body.

Atlotllcr a])])roac]l  is to usc a polyhedral sl)a]~c a]~]~r(~xiltlat,ioi}  allcl tllc exact C1OSNI  forlll

expression of tfllc gravitational field of a ])olyllcdroll (MTcrll(r, 1994). ‘J’llis a])])roacll  is csl)ecially
attractive whcu  cwaluatlion  of the gravity ficlcl Inust be IInadc c.lose to or 0]1 tllc surface of tlIc
as teroid .  III this si(uatioli there arc no siugularitics in the int,crior of tile gravity ficlcl, as this
for]llulatlion satisfies l’oissoll’s equation i)) the interior of tlIc body. ‘J’IIc disadvantage of this
approacl]  i s  t h e  col[lputational  tillle rcquird. l’kery titllc tlIc potc]ltial (OI’ accc]crations) are
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evaluated,  a  suttlltlatiol] over  every face of the polyllmlral  sllal)c IIIUSt he ],crfonlled, ‘1’llis is
cquivalmlt  tc~ coltl]jutii]g  o]lc cocflicicntl  iu the llarll)ollic  cxl)ansioll. ‘J’]) us, i f  tile accdcratiolls arc
to I)r colt]})uted  over  soit]c  tillle span,  it i s  c lear ly  ]Ilore  effi(ie]lt to usc a IIarlllo])ic  exl)a]]sic)]l.
]Iowcvcr this forltlulatiorl is WCI1 suited to ruuuiug ou a ]Jar;tllcl  colflpu[cr.

3 Equations of Motion and Conserved Quantities

~;ivc]l  a gravitational field aud the rotational state of thr ]Jiodcl,  tllc cqufitiolls  of ltlotioll  II]ay IJC
w’ritte]l. ‘J’l)c ]t]ostj Cfliciellt  ex])ressiou of these equatio]ls is given  il) the l~ody-f ixed  frallle of the
a s t e r o i d .  (~ivc]l  all i])t,egrat,cd  result i]) this fralrlc, it is easy to t,ransfcmll  to ihe inertial fraTlle  if
dcsird, ‘1’llc I)cllefit  of this forlllu]atioll is that no r o t a t i o n a l  trallsfc)rrllati(]tls II IUStJ bc IIladc to

cvalllaie tile ,gyavitatiollal  acccleratious aud (Il)at tllc equati[)us  of  Itlotio]l
ulliforltlly  rotalitlg cclltcal I)ody.

l’or (IIC gc]leral mlatiol)  of atl asteroid the l,ocly fixc(i equat ions  (,f
I)art, iclc  arc ((; rcel]wood, 1965, })}) 50-51) :

if12flx i’-+ f2x(f2xr)+i2 xr T (Jr

are titl]e il)variaut for a

IJlolioll  for a sltlall

(8)
. .

wllcrc r is tllc lmdy-fixed vector frort]  the asteroid center of ~llass, (--) all(l (-- ) are first a~ld sccolld
tiillc derivatives wit]]  res])ccl to the body-fixed, rotating fral!le, [) is tile iflstalltallcous rotation
vector of tllc asteroid with IIlaguitude [Q[ n w, aud [Jr is tl]e graclicllt of t}lc gravitational potential

U(r) wllicll  is tittlc-illvariant ill a  body- f ixd  fralnc.
‘1’0 allalyzc tllc clyllalllical cquatiom it is of illiercst to find  c.ouscrvcd  quantities, or illtcgrals.

l)cfi])c  tlic futlction J:

J= ~i..i’- ~(flxr). (fix r)- U(r)

wllcrc all tllc qualltitcs a r c  as dcfi]lcd  ])rcviously. ‘1’akc  the {iltlc  dmivativc of  this fullctioll,
l)crforlt]itlg all diffcrcllt,iat,  ions  with respect to t,llc l)ody-fixc,l fralllc:

~ = i.i-(f)x r)((lxr)-(f)xr )(f) xi’)–l~~(r).i

N e x t ,  take tllc dot I)roduct of l;quation 8 wi[f) i. a]ld  rc-arrauge t,l]c rcslllts:

i.. fi-(flx r). (flxi’)+ i.. (~ x ~)  - zJ1’(~) i = o

~k)ttll)illc  l’~quatio]ls  10 and 11 to obtaiu:

~ = (). (v] xl’)

v] = i.+ fixr

(9)

(10)

(11)

(12)

(13)

w h e r e  v] is tllc illert,ial velocity of the t,mt  ]Jarticle. If tile asteroid is ill l)ri]lcilJal  axis rotatiou (i.e.
f’) ;: O) tlICII  tlIc quall{it,y  J is conscrvcd, a]ld  is ill fact tile .Iacol)i  itltegral for the equat ions  of
ltlotioll. ‘1’IIus  ulliforll) rotatiou of t,hc astm-oid  irll]]lics  that au illtcgral of tllc Illotiotl exis ts .  All
cquivalmlt  statelllcnt is that, tflc cquatlio]ls  of IJlotioll  (iu t,hc body- f ixed  frall)c) arc tiT[lc iuvariallt,
Wllcll (1 = o .

Since (;astalia is a ulliforltlly  rot,at,iug  asteroid, henceforth we assurllc t,l]c Jacobi fuuctioll to
I)c constant u]lless otllcrwisc noted. ‘1’bus, given  all iuitial ],article ]~ositio]l  aud v e l o c i t y] the J a c o b i
fullclio]l J(r, i.) is constant, for all ellsui~)g IJlot,ioll of that })artic]c.  ‘1’tlerc arc a variety of initial
conditions wllicll  IIlay  ]cad  to tllc sall]c constant
clcfi])c the Jacol)i collstallt, ~; SUCII  t,llat:

J(r, i) +- ~; = O

va]uc! of t]lf’ Jacobi fullctioll, so it is useful  to

(14)

~



Recall the standard clcfillitioll  of tl]c Kep]criall  (or two-body) cllcrgy

(15)

w]lcrc  v] is tllc itlcrtial vc]ocity vector of thr ])articlel 11 is tllc gravitatic~nal ]]araTtleter  of tl)c
a t t rac t ing  body a]ld  [r] is tile Euclidiau norttl of t}lc ]Jarticl[ position vector. lmt us exI1rcss  this
quantity ill tlIc b o d y - f i x e d ,  rotati))g rcfcrmlcc fralllc using tile sulmtitut, ion:  V) = i. +- Q x r. AIso,
assu]]]c that tlIc gravity f o r c e  ]~otrultia]  11 of the astmoid is cx))rcsscd  as:

(16)

w h e r e  tllc (Ji tcrllls cor respond to all tl)e lligller dcgrcc and c)rder IIarltlollim  of the gcvlcral  gravity
Iic]d.  ‘llIICII tl)c l{c])lrriall mcr.gy  i s :

(17)

Sul)stitutio~] of tl)c forltlal Jacobian integral (I;quation  14) itlto the al)ovc  rquation yields tllc result:

Cz = ~U~(r)+(f)  x r). (i+Q x r)– CT (18)
i

whmc ~; = - 3 is tl]c Jacobian cons tant , ‘1’akc the tiltle di{limltial of tile Kcj)lrriall energy  to find:

& , ~VUi(r) i+ [i-l 2Q x i] (Q x r)
i

(19)

Sul)stitutc ill lkjuatiolls 8, IIotiug that V(ll/lrl) = ~/r/lr13, to fiucl tile fitlal  r e s u l t :

C:2 =- ~w,(r) v, (20)

i
v] = i.+ Qxr (21)

wllcrc tile illcrtial velocity vector v] ll]ay  also bc cx})ressed  as:

cr2~sill j . .
v] :- --i’ + l’fv7,

;;(1 – d)
(22)

with VT tllc unit,  coll)l Joncnt of tllic velocity llorma]  to tlic radius vector. ‘1’liis result lnay also I)c

r e s t a t e d  ill the IIlorc  iutuitivc forlll:

w h e r e  the [J; tcrlt] dmotcs t,hc tiillc derivative of [ Ji with  rt,spcc.t, to tllc illcrtial fra~nc.
1]) tcrllls of tllc osculating Ke])lcrian elenlcnts, tllc twmbody energy is:

(23)

(24)

wllcrc a is the osculati)lg scllli-l]lajor axis of the orl)it. ‘1’aking the ti]tle derivative of this allcl usiug
Ecluatioll 23 results in:

(25)



w h e r e  tt is tl)c ltlcml) IIlotioll of the orbit (n = ~1/03). onc also has froltl the Iiagrallgc’  planctlary
equations the result (I{aula):

2 d xi [Ji
;1 = — --y --- (2G)

na dM

wllcrc M is tllc IIlcall  allo]l]aly of the orl)it. Fro]]l  lk]uatiolls 25 and 26 wc fil Id:

(27)

wllic]l  is useful as it is soltlclilrlcs dcsirecl  to avoid  tlIc ~llcall al]oltlaly i]) d(rivillg cx})licit  forttls f o r
tllc IJa.grallgc’ cquatiol)s.

IIkluatiolls for ll)c osculatiilg }Jcria]]sis  and al)oal,sis  can  I)c der ived  10 I,c [Kaula]):

(28)

(29)

wllcrc v is the argulllcllt of l)crialwis..> . .
For  llIC Castfalia ltIodcl  (or any unifor~llly  rc)tatillg as!croicl) the equations of lnotiol) in

scalar  forttl rcclucc  to:

;; –. ~~ Y; : w2r -+ Ur (30)

j+ 2wi z Wzy -I [Jy (31)

; : (J2 (32)

“1’]IcI Jacol)i co]lst,alll,  L’ is c-x]~]icitly calculat,cd a s :

C = V(x, y,z) -- 7); (33)

wllcrc

1
V(x, ty, z) = ~w~(r~ -1 !/2)+ U(X,  Y,2) (34)

i s  the ltlodificd l)otc]ltfial  a]ld

!/}; = ; (;2 , ~;’ +  ;’) (3b)

is tlIc killctic cl)crgy  of the ])articlc with rwspcct  to tllc rotatiug asi  croid.

4 Dynamics About Castalia

III tllc alxm]ce of solar ])crtllrl)atiolls, tlic orl)ital dynaltlics of a parlicle far frc,lrl Casta]ia ap}jrcjac]l

those  for  tllc classical case of IIlotion about au oblatc ]Ilanct (Scllmrcs,  1994).  C]osc  to Castalia,
IIowevcr,  this colllpariso]l  is ]IC) lollgcr va l id  aucl tllc orl,its IIlay  cxl, il)it u)lstal)lc  and mm)  cliaotic
bcllavior ((~llauvincau  ct al., 1994).  ‘1’llcre are  several  ap])rx,achm  that call illuttlinate tllc dynaltlics
ancl tlllc gmlcral slructurc of phase s])ac.c in this s i tua t ion .



4.1 Zero-Velocity Surfaces

Zero-velocity surfaces, ddi]tccl  using the Jacobi intrgralj provide collcrctc illforljlatio]l regarding
tllc }jossil~lr IIlotio]l  of a ]jarliclc. Since  7’H ~ O it is possible to ddi], c all itlrqualit,y

V(a’,y, z) 2 (J’ (36)

that l~artitiolls  tllc z, y, 2 s])acc  into r e g i o n s  whm-c  tl)e ]Jarticle lliay bc foulId and w h e r e  it lIIay lIot

IJC found, give]) a specific value of (~. Note that, V(r, y, z) >0 over tllc clitirc s])ace.  ‘J’l)usl if
C; <0, tile illcqualitly is  ident ical ly  sa t is f ied and tllrre arc II,, a p7i07i  cc,llstraitlts  oll w]lcre  the
part ic le  IIlay  bc found.

If  C; >0 ,  tllerc wi l l  bc regions of s]~acc wllerc tllc illctluality is vi(,lalcd, and IICTICC  wllcrc ]Io
})art,iclc  )Ilay t ravel .  Wllctl t,llcsc forbidclml  rcgiolls sc],aratr space itlto disjoit]t  rc,giolls  a lmrticlc
call  Ilcvcr  travrl I)etwccll  tllcsc regions, IIc) lrlattcr what its itlitial conditio]ls  are. ‘J’lIc g e n e r a l
sitrlatioll is discllsscd IIlorc  flllly in (Scllecrcs, 1994),  where lllc cc]ltral Ilody  is assutt]cd to l)c a
tri-axial clli]xsoid.

Zero-velocity surfaces arc defined by the equation:

V(r, y,z) = c (37)

‘1’his cquatioll dcfil]cs  a 2-dil))cnsiollal  surface in the 3-dill lc]lsional o-y-z sl)acc.  As t,hc value of tl)c

J acol~i consta)lt CJ is varied, tllc surfaces change. At critical values of C; tllc surfaces intcrmct or
C1OSC in U])OII tllclllsclvcs at points in (IIC x-yz space usually c.allcd cquilillriutl], or critical, ])oillts.
l~ollowitlg  ill l“igurcs 2-4 arc l)rojcctions of Lllc zero-vclocil.v surface ol)to  tllc 2 =- O, y = O and
z = O ])lallcs  rcs])cctivcly. ‘J’llc surfaces arc all evaluated close  to tllc critical values of C. ‘1’IIC
mro-veloci ty  curves  ])rcsclltcd llcre ltlay be intcrprctcd ill ]IJucll tllc sall]c way as for the restricted
3 - b o d y  }~rol)lclll (Ilaltliltoll &, Ilurvls,  1991).



l “

1.5

1

0.5

0 y (km)

-0.5

-1

-1.5

-1.5 -1 -0.5 0 0.5 1 1.5

r (km)

l“i.gurc 2: Zero-Velocity Curve in thf x, y, 2:: 0 l’lalIc



T
—. -——.——\

‘ii,
[
)

,/

\,’t\ ,1
,/

\, \\ # ,$’\, \\~\ \\- ,1

1,
,1

1, /’
II
\\

1, // \ \
I/ !/

// /f
\ \\
\\ \\

I/ ;f \\ \\
\\ RIll \\ t\,,

-1.5 -1 -0.5 0

X (km)

lpigum  3: Zero-Velocity Curve

0.3 1 1.5

II tllc’  r,z, y:: o 1’1?111(’

1.5

1

0.5

0 z (km)

-0.5

-1

-1.5

10



1“

T 7-1/

\

\
\
\
\;h

\\+;,
I\\\ \ \
\l\/
l//~

\ 1,
1//

Ill
Iu

1?
M \\

-1.5 -1 -0.5 0 1

1.5

1

0.5

0 2 (km)

-0.5

-1

-1.5

1.5

y (!illl)

ligurc 4: Zero-Velocity CuT\c in tllc y, 2, z = O I’l;IIIC

II



4.2 Synchronous Orbits and Stability

(;lcmrly  scc]l ill Fi,garc  2 arc four  c r i t i c a l  lJoints, all of which  lie IIcar  tlIc cquaior a]ld  are se])aratcd
I,y a],l,roxilllatcly 9 0 0  i)] lo)lgitudc.  At tl)me points tl)erc is a net, zero  accrlcratio]l acting o]) (IIC
]Jart,ic]c  ill t,llc rot,at,i]lg  frall]c, thus a partjic]c  p l a c e d  them }1 ill iclcally  J’(tllilill ill s u c h  all orl]ii

illdditlitcly. ‘J’llcsc arc traly circular orl)its which  arc exactly sync} lroIlc]us  witft  (;as(alia)s rotatiolt
rats.

A  JtiorT direct ]tta])ncr of co~]]puling  these cqlli]i],riulll  points is to fit)d a]l the so]utio]ls o f
V~(r) = 0. For a gcnleral  gravity field there arc no a priori  llulobcr of solatiolls to this cquatioll,
tllc llllllll~cr  of solatiolls dc])cnds oli the  shape and spill  rat( of tflc  I)ody.  l’or (;astalia t,l]crc a r c
o n l y  4  sollltiolls. (;all tllc syllc.llrollous  orl)its at tile lo]lg  en(ls  of Caslalia tlIc  :1 ,$(addlc) sollitiolls,
and tllosc at tl]c sllortcr cllds of  Castalia t h e  ~ C(entcr) solutio]ls. For  tlic givc)l paralllct,crs of
(Yastalia, tllc Iocatio]ls  aljd Jacol)i constant, valacs of tlicsc t,rbits a r c :

r+.$ = (0.956, -.1 17,0.021) kill ;  C+.$ =  2.0221  x  10-7 klIl~/s~

r-s 1 (–-.910, - .041 ,0.024) kit] ; C.$ = 1 .9535  x  10-7  lml~/s~ (3s)

r,(, = (0.049,0.727,0.011) kill ; C+c = 1.6755 x 1 0 -7 
lml~/s~

K c =- (0.020, –.744, 0.006) klII ; L’_c  = 1.6672  X  1 0- 7  km2/s2

I“’or <~astlalia all four sylicllronous  orbits are uns table  (this IIicai)s  !I], at a ]Jarticlc I)criurl,  cd
sli,gl)tly  fro])) ally  of tlllcsc orbits will depart t,hc equilil)riulll  poilltl  ia a IIy]]crbolic  fashion). ‘J’l)c
~. .$ orl)itls  arc IIy})crl)olically  uns table .  ‘1’lIus, any },artic.lc  (Iisplac.ed  frolll tllcsc l jody-f ixed  points
w i l l  dcl)art,  froltl t,llat point ml a local h y p e r b o l a .  l~igarc  5 SIIOWS tllc stal)l(j  and uustahlc IIlal]ifolds
of  tl)csc ])oillts. Note  that cac]) of t})csc poin ts  has  stal)lc atid ur]stablc II]allifolds trap]~cd  ~lcar tllc
asteroid as well as stal~lc  and unstal)le IIlanifolds trap]) ccl a\vay  frolt\ t,flc astcroicl. IIhcl) ltlanifold  is
a ollc  dil]lrllsiollal objcctj  in ]Jllasc  s])ace  ( w h i c h  i s  a .gcllcric I)ro])crty  c]f SIICII  Ilypcrbolic ulwlalj]c
poi[lt,s),

‘1’IICSC II]allifolds also ]~rovidc tllc liltliting csc.a])c trajctory for a ]Jarliclc as follows, Sul)posc
tl]c ])articlc is slartcd fro]ll  Castalia’s surface wit}) a Jacobi c.ollsta]lt  illcrcltlctltally lCSS tlla]l L’s
and along tllc stal)lc IIlanifo]d. ‘1’llca the particle will follow the stable IIlallifolci  as it apl)roarllcs
the S cquilil)riu]]l ])oint, taking an a r b i t r a r i l y  l o n g  tir]lc to arrive at this ]Joill(.  once in tllc
IIciglil)orllood of lI)c  l)c~int, tl]e I)artic.lc  will COIJIC  under t,hc influcnlcc  of ail utlstat)lc rllarlifold. If it
coltlcs ulldcr tllc itlflucncc of the trapped ullstah]c lnallifol(l it will fall hack ollto tllc asteroid. If it
COJIICS  ulldcr the inflacllcc of the utmtlab]c  II)anifold tjra]~ped away frolll tllc asteroid, it will JIIOVC

away  fro]tl  tllc asteroid along this Itlanifolcl  and will never ] c.turn  to tile ast erc)id sarfacc.
‘1’llc 3 C orl)itls  arc co]l)plcx  u n s t a b l e . ‘J’bus, ally  ])alticlc displaced frolt]  tllcsc orl)its will

dcl)art fro]il  that ])oi]lt  OJI a  ( local ly)  hypcrl)o]ic sl)iral. lath of tl)rse IIla]lifolds is a 2-dil[icnsiollal
o~)jcct  ill ])llasc  s])ace  aJId cannot bc traced out, as the IIy})(rl)olic  ltlallifol~ls  of tllc 4,5’ orl)its c o u l d
I)c, Figilre 5 a l s o  slIows  })ar(icalar i,rajcctorics fro),, tfle  stal)lc and uns(at,le It,artifolds of  tlic +~;
orl)its. ‘1’l]rsr Il]anifo]ds tend  to lic ia t h e  e q u a t o r i a l  ])lanc t)f Castalia, a]ld callse tllc radius of tl)e
t ra jectory to  osci l la te  i]] an umtal)]c  lnanncr,  thus callsi]lg either close  a]~])roacllcs  to, or i]llpactl
with, tllc .astcroid.

‘J’l)c i]lst,al)ility of t,hc 3 C cquilihriuln poin ts  hi.ghligllts a classificatlioll  that call  be apl~licd
to Castalia (and to any unifor]nly  ro ta t ing  asterc)id). ‘1’hc (lassificatiol], as originally clcfillcd
(Scllmms,  1994), ap])lies to ally  body with 4 synchronous orbit,s.  If two of tllcsc orbits arc ullst,ahlc
(tl,c ,S orl,its) al)d  two of tl[csc orbits arc stable (tl,c C orlits), the,, tl,c asteroid is classified as
‘1’y]~c 1, If all four of tllc orl,it,s  arc unst,ablclas  with Castalia, t,l)cn the aslcroid is classified as ‘1’y])c
11. Note that tile ,S orbits arc always unstahlc.

12



1.5

1

0.5

0

-0.5

-1

-1.5 [1.’
., 1-

. . . Ii. . . . .
$.. i__J ,’”1 1

1.5 -1 -0.5 0 (1.5 1 1.5
3 (km)

l~igurc  5: SrgIIIents of the Stal)lc  & llnstablc Manifo lds  of  (lie II;quilil)riurtl  I’oink. Stable ]tlanifolds
arc dottd lillcs, ulls{al)lc IJlallifolds are dashed  lines.

4 . 3  Periodic Orbit Familim

We  also colIIl~uted  falllilics of ])crioclic  orbits aboul tllc as teroid . ‘1’lle coltl])utatioll of tl)me orbits
rcquirm a ])rccision  illtcgratic]ll routiuc ancl a set of softwan> tools which  allow’s onc  to force the
c]lcl-poilltls  of all orl)it to coillciclc. ‘1’llc cfctails  c)f ]Jcrfc)rlnitlg  such a colll}, utatioll involves tf]c  usc
of l)oillcari II]aps and Nc\vttJl~-l{a]Jllso~l  iteration. (~ivcli  O]IC periodic c]rl~it, other Illcllll)ers in its
falllily l]lay  I)c found via analytic continuation of the orbit with resljcc.t  tc, so]IIe paral]]cter,  usually

tllc Jacol)i ccn]siallt or tl)c orl~it  p e r i o d .
‘1’llcre arc 3 IIlaitl  fai]lilics of perioclic  orbits c.lose to iill as teroid  SUCII as C}astalia:  ec]uatjorial

clircct, equatorial retrograde and non-cquatoria].  ‘J’hc rctrc~~radc  o~bits exist as circular orbits far
frolll tllc asteroid and colltilluc  for clccrcasing raclius ul]til t hey intcrsccl Ifle  asteroicl itself. ‘1’IIc
clirect orl)its mist as circular orbits far frolll tlie asteroicl a]tcl cor)titlue for decreasing radius ullti]
tllc-y a])])rc]acll  tllc radii of the synchronous orbits. ‘lllICVI tllcy split,  into ellil)tic orl~its  (wit])
aclclitiollal  colll])lications Ilot  stuclied IIcm)  ancl call  be colltinuccl  u)ltil Ihcy itlterscct t h e  a s t e r o i d .
‘1’IIc IIoll-cqllatorial orbits exist o])ly in l,l)c vic.illity  of certain radii whcm tllc out-of-] ]]allc  (Iloclal)
])criocl of t,flc orl)it is ccnlllllcnsurate with tllc rc,tation ratx- of the asteroid. 11) tllc case of 1:1

collllllcllsllral)ility these orl)its arc continued froll]  halo orbils associated wit,]) the four ecluilibriul[l
}~oil]ts discussd al)ovc.  As tllc c)rljital  pcriocl  of this falllily  is varied, t,llc il[c-lillatioll  var ies ,
a])])roacllillg i =- 90. ‘1’IIc falllilics associated with tlic 1:1 c(llilltic~ls[lral)ilit~’  arc all unstable. otllcr
falllilics IIlay  exist at diflcrcmt  values of collllllellsllral~ility.

Figures 6- 11 prcscull  ]Ilc]nbcrs of cacll  of thcsr ])crit)clic  orbit falllilics i]) tlic l)ocly-fixed
1 t IIlcvlll)crs  of the direct, cxluatorial falllily ofcoordil]atc fralllc. l~igurc  6  I)rcmnts SOIIIC sc cc

per iodic  orl)it,s  al)out Cas(jalia, ‘1’his fatni]y begins as a faJt!ily  of circular c)rhiis  whcl)  far fro]]]
(~astalia (solid line) and tllcn bifurcates iuto two I_attlilies cjf elliptic orbith  wlIclI close to Castalia
(clasllccl  and dottccl lines). ‘1’hc t w o  bifurc.atecl  bral]chcs of the falI]ily arc clcm to bcillg syltlltletric
about tllc y axis, aucl woulc] bc if Castalia were sylllltlctric about this axis.

l“igure 7 ])rcscl)ts IIlctt]bcrs of a failliiy c>f rctrograclc, cx]uatoria] ],criodic c)rbits  that a l s o
beg.itls  as a faltlily of circular orbits far fro]])  Castalia, and rc][lairls cssclll, ially circular as it draws
closer to tllc surface of Casta]ia. ‘1’his falnily is stal)lc up  t(, grazing orl)its, cxccpt for a s]llall
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Figure 6: l)ircct, IIqaatorial l’eriodic  01 I)its  Al)out,  (hstalia

illtcrval l)ouncled  l)y tl)e two dasllcd lillcs in h’igurr  7. ‘1’hc (xistellcc of tllc stal>lc  faltlily i n d i c a t e s
that it is ]Jossil]]c  for ]Jarticlcs to orbit very C1OSC lm the astrroid surface for cxtelldcxl  pcric]ds  of
tirtlc.

l’igurcs 8- 10 dc])ict IJlcl[ll)crs  of a ]Jrriodic orl)it fall, ily that is colrl]]riscd  of orl~its  \vitll  a
nc)]l-zero  illclillat)iotl.  ldcally, tl]is falllily o r i g i n a t e s  a t  tllc l)alo  orbits assoriatcd wit]]  tllc *C:
Cquilibriulll I)oillts and tcrttlinatcs at the halo  orbi ts  associa ted  wit,]l t,}lc ~1 ,$’ cquilil)riulo }~oitlls (or
vice-versa). For Castalia this fal]lily does not, colll])lcte sacl I a path, Lecallsc it illtcrsccts with tl]c
longer mlds  of the asteroid as it lIIOVCS frolrl the 3:C ])oillt  to tllc +,S l]oit,t. ‘l’lie f igures  g ive
l~rojcctiolls of sol[lc  select  II]e]!lbcrs  of this falnily into t,lle o-y, z-z and yz ~)lallcs. Castalia is nc]t
drawn o]) tllcsc figures as the orbits would  he covered in SO]IIC cases. All IIlellll)crs of this faltlily
arc ullstal)lc. A siltlilar fainily also exists, ideally traversing fro]o tile -C cq~lilil~riulll  ]~oint
tllrougll a ~lolar  orl)it to the +-,S cqailibriulll point, F o r  dcllsitics larger tllall 3 g/clt13  t,l)is falllily
w i l l  Ilotl illtlcrscct the as teroid .  I)UC to the unstablt nature of these orbits tllcir ltlanifolcls })cr]llrate
tile ]~llasc space close to lIIC asteroid sarfac.c, t,has  low specxl ejccta froltl (;astalia cwolvc u)lder tile
illflucllcc of these lrlanifolds.  ‘1’hmc ]nanifolcls will i]lt,crsect  with Castalia’s surface or, Larring that,
will csca])e frolll the vicinity of tlhc asteroid.
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‘1’lIc slal)ility of tl)cse periodic orbits affects tllc natu]e of lnotlion  ill tllc surrounclil]g I)llasc
s])ac.c. If a fal])ily is slablc, then neighboring trajectories will oscillate al~out  it arid  will not diverge
cxl)onclltially frolt]  it. If tllc fal[lily is unstable, t,lle~l ncighl)ljring  trtijrxtorics will cfivcrge
cx]~o]lclltially  frolll it and will wander over a rcgicnl  of l]llasf  spare ii] .gcneral.  If socll  all ullstahlc
orbi t  l ies  C1OSC to tllc as teroid ,  thf.vI tl]e usual case is for tflc  divcrgcnl tra.jtc{ory to illtcrscct tllc
ast,croid, or 1,0 sufl’kr close  a])])roacllcs w h i c h  scIIcf t]lc  trajccl o ry  awiiy  oll a lly})crl~olic orbit. IFigorc

12 is a l)lot of tflc IIorlt)alizml  Jacol)i constant of a I)erioclic  orbit farliily IIlt]lll)cr vs tllc ])criodic
orl)it ]Icria])sis and a]~oa]m is, If tflc  orbit is stal)lc, it is rc])rtsclltcd by a s<,lid line, if ullstal)le, l)y a
d o t t e d  lil]c.  ‘1’lIr-  ])cria])sis and a])oapsis of each  orl)it is dra\vll , so a llorizollt)al  line drawl)  froltl a
])art,icular value of t,hc IIor]nalized Jacobi constant, will intel sect the l~criodic  orl)it pcriapsis first,
and tflc al~cm}mis  seco])d.  No(,c tflal tflc r e t r o g r a d e  orl)it,s  (Ilcgativc  Jacot)i colls~ant) arc Ilcarly
circular,
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Figure 12: l’eriodic Orl)il lalllily S t a b i l i t y .  l’loti,ed is  tf)c pcria])sisj l[lcall  scllli-l[lajor axis  and
apoal Jsis of (lIC direct and rctlrogradc equatorial orl)itl faltlilics. ‘1’llc solid Iil)cs illdicatc stal)lc II IC]II-
Lcrs,  tl,c dasl,cd li]lcs  i,,dicatc unstal,le ,I,cll,l,crs.

4.4 Ejection and Capture Dynamics

()]Ic  of tflc l]lost illtcrcsting as])ec.ts  of dynatnics shout asteroids is t}lc possi])ility  for a givcl]  orl)it
to be c<jrctcd i]]to  a IIyl)crl)olic.  CSM])C  t ra jectory,  or C,orlvcrbc]y for a llyl)crl)olic orl]it, to be
captured into a]) clli])  tic orl)it, ‘1’hr possibility of ihcsc occl[rrcnc.es  was first cc)lil]t)llrlicatc(l  to tlIc
au(llors l)y J .1{. hfillcr (personal coltll[~~lr~icatiol]).  Such cfl’cts ~)rovidc  Il)ccllal]isl]]s  for all asteroid
to sl)cd  cjccta, ca])ture non-cjccta partic]cs 01) i t s  surface and tcl)ll, orarily ca])torc Itcigl]bors of tllc
asteroid.

4 . 4 . 1  R<!solmnc.{!  EIff(!ct!s

‘J’l)c cx])cctcd clIaIIgc it) Kc])lcriall cllcrgy aNd r a d i u s  o f  pc] iapsis and apoal]sis due to ])articlc
it)tcraci,io~]  wit])  tlm  2JId ordcv  gravitational IIarl)]ol]ic.s  call he derived as follows. R.cst,rict,illg
oursc]vcs to tlic gravity ]~ot,cnt,ia] c)f 2t1d order ol~ly,  which I)rovidcs tile It)iijor ]Jcrtrlrbatiolls to t,llc
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orbits, fro]]] l’k IutitioIIs 23, 28 ancl 29 wc h a v e

wlIcrc  sirl o = sill isitl v, II =. v + ~ a]ld A i s  t h e  partic]c lo)l~,itudc  ill  tlIc

(yJ)

I)ody-fixd coordinate

systetll. ‘J’llis forlllula is s]jccializcd to tl)c case  of  .311 equatorial clli])tic (,rl~it.
l,ct us cs~iitlatc  lllc tc)tal  var ia t ion  onc  II)ay expect  ill tllc al)sc  radii fro]!) onc  l)crial~sis

]).assagc  is derived. WC assuli)c that the orbital IIlotioll takes place in tllc equator ia l  l)lalle, so
sill G ~ O, coso =- 1 a n d  A = j + u -- wt, and assultlc  that tl!c cqllatioll is (’val~lat~d ill tll~  vi~illity
of ])crial~sis.  l,atcr wc shall ]Jcrforltl  a quadrature of the equat ion  al)out tllc ])cria]mis  passage, so
let us llcglcct ally  ter]lls of t}le diffcrmtlial cquatio]ls wllicl)  a re  odd  shout  1 tic ])cria])sis ])assagc.
lkslric(itlg ourselves tllus]y yields the following silllplificd fc~r)nulae:

(40)

(41)

(42)

(43)

wllcrc l)I)c ttruc allol]laly  rate is ~ = -l~la(l – c2)/r’2, ])osilivc for direct t[lotion allcl negat ive  fol
retrograde 111 Oti(J1l.

‘1’0 cs(,iltlatc tllc cfrcct, of a ])criapsis passage 011 tl)csc clcII)cl)ts,  let us illiroducc Solllc
assulllpt,iolls  wllicll  allow for a sim])lc quadrature. k’irst, ashu~llc that r % r~) th rough  tll~ flYb’,  that

j x ~?t aro~llld  tlIC flYl~Y,  al~d fillally that ~~~~ osc~llatillg  el’l[-lcl~ts are Iloll)illally colls~rved  d~lri’lg
t,lle CIOSM a}~]]roacll. ‘J’llis a l lows a  quadrat,ui-c about tile l)criapsis flyby  frmo tilnc –7’ to tilne
+ 7’. Note tllc followil]g  results:

l’crfortliillg tllc quadlaiurc yields tile formulae:

(44)

(45)
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wlIcrc ill tllc c.rlrrel]t  a]J]JroxiIIlatioll  M’ rc})rcscllts tlic til!]c o v e r  w}licll lIIC l)articlc wi l l  rcccivc its
largest  trallsicmi l)mturl)atioll. A value of 7’ = 7r/(4ti) serves this purpose al)d  corresl)ollds to a
titl]c I)criod  of ollc-fourtll  of the as teroid  rcvolutiol[  (WIICU  t akcu  froln - Y’ to + 7’). Note tflat tflcsc
Cxl)rcssions  give al) cstiltlatc 01) the alllplitude of tllc t,rallsifut v a r i a t i o n s  a]ld  IIot llcmssarily tf]c
total variatiol] of tllcsc quantities.

‘1’0 derive sil[lilar equations for au apoapsis l)assage, itltcrchaligc all occurrcnms of (–)1,  and
(–)~, a s  WCII as cliaflgiug tltc sigus irt front,  o f  lIIC Ara artd Ar}, cquatiot}s. ‘J’lIc  II]a.gtlitude  of tllc

cf~cct, at al~oal)sis  is clcfillitcly  sl!lallcr, aud ~t]ay often be neglected u]llcss  tllc orbit is licar circular.
lpor a retrograde orl)it tllc angular rates w and j,, add, so ap)ain the total IIlagllitrldc of tllr
variation is slllall.

4 . 4 . 2  Gmcral Rcslllts on Orl)it D y n a m i c s

‘1’hc al)ovc  equat,iolls ])rovide iasigllt iuto the  dyaall)ics of a parliclc ill a (Iircct  orl)it about,  all
ast,croid. ‘I’l Ic first,,  al]d ]IIOS(, cldi]]ik,  rcsu]t  i s  t h e  relatio]l  l~ctwccli  wllicll  quadra]lt,  (Irigure  13)  o f
tflc a s t e r o i d  cotltairls  tllc I)crial)sis and charlgcs ill orbit mcrgy. E v e r y  tiltic a I)articlc l)asscs
tllrougll pcrialmis,  its argu)llcllt of l)crialmis, dellc)tcd  I)y v, wi l l  lie iu olic  of t}lcsc quadrallt,s.  Now,
note that, the cquatiou for AC 2 is l~rol)ortional to the terlu — sill 2v. ‘1’lIus, wllcl] tlllc pcriapsis lies
ill quadrants 1 or 111 (i.e. v E [0, 7r/2],  [n, 3T/2]), A(;2 < 0 and the mlcrgy  dccrcascs. ~~otlvrrscly,
WIIC]I tl)c })criaj)sis  lies ill cluadrallts 11 or IV (i.e. v E [n/2, T], [37r/2,  2n]), AC~2 > 0 aud tllc cllrrgy
illcrcascs. ‘J’llcsc increases a]ld  dccrcascs in m]crgy  cau },c siguificalit]y  lalgc, aIId  allow tl)c  asteroid
to ci(llcr cal)ture a IIy})crl)olic  orl)it that l)asscs  C](MC cnougl]  to the body, or eject au cl]iptic  orl)it
illlo a IIyl)crl)olic  orbit,  that escapes fro]]] tl]c  astmoicl. ‘1’llus a  IIyl)crllolic  flyby  with l,crial)sis ill
quadratlts 1 or 111 IIlay  be s u b j e c t  to cal)tlurc,  and  au  c]liptic  orbit wit])  ])eria]mis  ill quadral]ts  11 o r
IV IIlay  bc subject to cjec.tiou.

For  llyl~crbolic  orl)its, t,hcrc  is iu genera] only  oue })ass through tllc systelI] and a sillglc
cha]lcc at cal)turc. For clli])tic.  o rb i t s , i f  not, cjcctcd  frolll tllc astcrc,id tllc (,rljits’ argull]cv)t  o f
pcriapsis will I)c ralldolnly clist,ributed  about the as teroid  f] OIU orbit to orl,it. EVICN  if SOIIIC

rmollallcc originally exists irt tllc orbit, tlie act of I)assiltg  tl[roug}l  l)mia I),sis will iu gmcra]  destroy
tllc rcsollancc that existed UIIICSS  tfle argul]lcut of IJcrial)sis lies alc)llg tllc divisions l)ctlwccll
quadrants )  w]lcrc wc fi]ld closed, periodic orbits close  to tilt.  asteroid. ltl tile gmlcral case tllc
rcsollal)ccs callllot I]c IJrcscrvcd, due to tllc tillling c.l IaIIgcs froltl orbit  to orl)it. ‘lllIUS,  ill g e n e r a l ,

all  cllil)tic orl)it will cncouutcr ltlauy oppor(unitlics  to I)c ej{’cted fro)ll  tllc systclll. If tllc f l y b y
l)cria]~sis is iu quadrants ] or ]]1, then i,]Ic orbits’ al)oapsis  is drawn iu totvards t,]lc asteroid, whic]l

IIlay llciglltlcn tlIc effcc.t  of tlIc s u b s e q u e n t  ])cria]lsis  passag<. Evcutually,  (lIC  ]Jcrialmis  will lie iu

quadrallt,s  11 or IV,  aud ejcct,ion  bcco]ue a possibility. Note that a lnitigati~lg  feature is that

cllaugcs iu tllc ])cria]~sis radius mc)vc iu the opposite direction of tile clIaIIgcs  ill  the apoapis

radius. ‘1’bus, for a quadraut  1 or 111 flyby, t,llc orl)it bcc.oIIIcs ~nore  circular and, if tlIc ])criapsis

r a d i u s  cllangrs by a sigtlificallt  allloullt, tllc sulmcqucllt-  orllit’s pcrialmis IIlay  bc large rmoug]l  to
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avoid sottlc of tl]c large cllallgcs. Conversely, for a quadrant II or l\~ flyl)y  tl)c  orbits’ l)crial)sis will
dccrcasc ill gm)cra]  al)d  sal)jcc.t the  orbit,  to lar.gcr  IJcrturbal i o n s  0]1 ctlsaillg  IJassagcs.

4 . 4 . 3  Cal)tjlwc:  md Escal)e Radius

Wl)cil  call  ol]c prrial)sis }Jassa.gc yield a large enough cllangc ill tllc Kel,lcriall  energy  to  citllcr

cal)tllrc a IIy])crl)olic  orbit,  or cjcc.t an elliptic orbit ? A paraho]ic orl)it, Ilas  mm Keplcriai) e n e r g y ,
so subst, itutillg  t,hc proper Lcr]tls ill

A L’2 + C/’z =.- O (50)

yields lIIC collditioll:

[

2(’ + “)si”2 ~-” o+  ~c ‘i” (2U --w 7’ ::’’.(?’ -m—— { —. — -. }1 (51)
w — f,, ‘2W --- 3j, h fl,

wllcrc

.L “
i-----

//(1 4 r)
@

1’
(52)

11 is ilt]ll}cdiatrly  clear t])at for a l]ypcrl)o]ic orl)ii to I)e captured its l)criapsis IIlost lie in
q u a d r a n t s  1  or Ill. (~onvcrsclyl  for all c]liptic orbit to be cjcctled  its pcria})sis II IUSt lic in qaadrant,s
11 or l\r. ‘1’l)c al)cwc  cqualjioll  defines O]lC curve in tlic (rf,, c) plane for caclI value of l). Orl)its !Vllich
lie l)ctwccxl  this cllrvc and c = 1 IIlay  hc sul)jec.t  to citllcr capture  or  ejcctioll  during ally  pcria})sis
l)assagc if tl)e })assage  occurs  in t,l)c proper  quadrant .  It is iloportant (0 l)otc that, ail orl~it lyi]lg  ill
these  rcgio]ls is not goarantecd  to be captured or cjeckxl. Also, at) ellil,tic orl,it outside of tllc
cjcctioll  rrgioll Illay  still l)c c$jcctcd ailcr s e v e r a l  l)criapsis })assagcs.  Iigarc 14 l)rcscnt)s  this curve,
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IYgure  14: IJilllitlillg  (;ollditiolls for I’article Cal~turc and l’;jecti[, t] at C;astalia

the lower c.urvc being clcfitlcd for passage l,llrough  quadlants 11 or l\~,  and lIIC upper curve for
passage tlhrougll  quadrallt)s 1 or 111.

Fig’urc  15 provides additic~na]  details for the c.aljturc conditions ant]  I)lots  the cal)turc curve
conditio~l  in tcr]ils of the  l)criapsis radius and Vm o f  the  partic.lc. l’or (~astalia tllc lnaxiloultl
cal)trlrc Vm is less  tl]arl ~ 0.4 1])/s.  For larger astcmids this nultlbcr l]lay  g row al]l)rccial)ly.
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4 . 4 . 4  Rcso]mnce Eff&ts

‘1’hc 1:1 and 2:3 resonance lines in IJigure 14 correspond to t l)e pcrialmis radius - eccentricity
c.olnl)illntiorls  w]lich  ])rovide these  resonances  bctwvcn the a~tleroid  rotatio]l rate and I)article t,ruc

aliolitaly rak at pmia]mis. III tl)e currm]t  for)nulationj tl]c r(so])al)t  tcr))l  l)rcoJIJcs  ])rc)l)ortio])al  to

7 ’ ,  s o  t]lat tlIc currciltj  rcsulls arc solt]ewllat cc)rlscrvative.  It is exl)cctcd that tlIc clla]lgc  i]) orl)ital

Cllcrgy  wi l l  hc  g r e a t e s t  wlIc]l  tllc partlic.le  lies along onc of llIcse rmonar)cc Iillm. ‘1’hus  it is

illstruc.(ivc  to discuss tlICIII  for a II IOIIICIIt.

(;ollsidcr a IIyl)crl)olic  orbit which  has  a  Cast)alia flyl)y  within  the ca~)tuw  Iit]c and along tlIc
2:3 resollallcc litlc. Assultlirlg that tile particle i s  cal)tured, its ccccxltricit,y  \vill drol)  to ICSS tllall
OIIC and its ar.gutllc]lt  o f  pcriapsis w i l l  incrcasc (l)otll allloutlts call  l)e estil[latcd). ‘I1llus,  after
cal~turc aroullcl  tile 2:3 rcsollanc.c  ]inc, the orbit wi l l  l]love  a w a y  frolll tllc r(wotlallce  lillc, }Jcrl]alw
cvcl) into tllc rcgioll  wllcrc di rect  e ject ion is  not possil)le. III sulhsequcvlt,  perial]sis l)assagcs tl)c
al)oallsis and l)criapis cllallgcs arc not, exl)ected to bc as large, s i n c e  tllc l)arliclc is Ilot  ]Iear  tllc
rcwotlallcc  litlc. IIel}cc,  such  a cal)tllrc Illay  lcacl to  a  lol]g-t[rln cal)tllrc of  tile IIfirticlc itl qucstioll,
altl)oug’1) tllr }Jossil)ility  for evelltua] escal)c ca~l IIcvcr  be di>countcd.

(;ollvcrscly,  if a partic]c bccollles captured a t  the 1:1 resonance, (IIC sulmcquellt orbit will lic
bctwmll  tl]c two rcsollallcc litlcx  (ill the cccel]tricit, y - perial,sis radius  s},acc).  ‘1’his l)artic.lc  will bc
]l)ucll II)ore  l i k e l y  to suffer all cvcntua]  cjcctioll, as it lies  IIPiir two  regio]ls wllcrc t,llc c.llaractcristic
cllallgc ill orl]itl cllcrgy and ecccl]tricity w i l l  bc larp,er  io gclicral.

4.5 Retrograde Orbits

Retrograde orbits can bc analyzed in tcrll)s of classical p]allctary orbiter results. Ill t}lis situatiol]
Ll)e scltli-ll)ajor axis, ccccntlricity and illclinatio]l }lave only short-period variations. ‘J’hc argultlcnt
of })crialmis,  argulticlltj of tlic ascending node ancl lnean cpc)ch all have h secular variation wllic.11  is
illflumlc.cd  IIlost  s t rongly  l)y the gravi ty  cocfficimt C~Zo. %c (,Scl~eercs, 1994)  for a IIlore  ill-depth
disc. ussioll  of this case, including lligller order effects of tl]c gravity field.

L’or (~astalia tllc cvolutiol] of tile Ineau osculat)illg  clcltlcllts is a])llrtlxiltlatcd b y :

[1 = [1 ~ (53)

i=io (54)

c= Co (55)
t C.os i

$-2 = f~o - - 3 . 3 5  x  1 0 -5 –  -----—-–-~i’/2(]  _ ~2)2

w=
,2(1-2)2  [:si’~’--21

W. - 3.35 x 1 0–5—7–-–!  ------

A{. =
(

3.07 x 10-”4

A400  +- t ——~:+/2-“---335x]5i~i~F7P7P [:si’’’i]l)l)

(56)

(57)

(58)

wllcre tile ti]lle is IIlcasured ill seconds  and tl]c smtli-lllajor axis in krt]. L’or CXal Il})]e, a circular
orl)it will)  radills 1 ktll will IIave a secular nodal rate u]) to -- 1660/day, \rllicll is quite large.

N o t e  that if t]lc pcrial)sis radius of t,hc orbit,  bCCCJ1llCh  sltlal] a~ld t]le  cccctlt,ricity l)CCO]IICS
lar.gc,  that tl)c re t rograde  orl)its IIlay  also bc sul~jcct  to sol,ic of tllc large ))erturbations felt l)y tile

. .
dlrectl  orl)ltls.  111 tlicsc sltuahons one  also observes the onset of chaotic dyllallllcs. Note that, frolll
tllc retrograde fall]ily of periodic orbits, we see that near circular orl~it,s arc definitely stable UIJ to
a radius of 1 k]]), and are possibly long-term stab]e within a radius of w 0.9 kl]l.
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5 Dynamics of Surface Particles

II) tllisscctioll wc dcrivcthclocal  accelcratiolls actillgolla IJarticlc asaful)clion of surface
location o]) (;astaliaby collll)utingthc local slol)cat each  l)t~il]tofitss~lrfacc. ‘J’hcn weiuvcsti.gate
the  dy)lattlics  ofcjccta Iaul)c]lccl  frc,lll t,hc sur-face of’tl)e tke ast,croid. It is (Iesiral)lc to cltaracterizc
tll}cfitlal evolution of all cjcctcxl  particle givcm its surface location and lautlc]l velocity, and to
c.llaracterizc wl]crc  on the s u r f a c e  ejcc.ta  ltlay accu]llulate. ‘1’his paper addlfss(x the first ccnlccrn  ill
dctall and disc. usscs the  second collccrn i]) ]ightof tile rcsu]is found hcrcil, (SCC (l)obrovo]skis &
IIurllsj 1980)  and  (Gcisslcr ct al., 1994)  forafurtllcr discussion oft,llcsccollcl cffec.t).  ‘J’hc tllc
Jacol)i itltcgralisuscd toclclivca (lisc.rill-]illalltq~  lzilltity w h i c h  iclclltifics  wllctllcr  or nota part,ic]e
orl)it l]lay  llavc colllcfrolll  tile surface of the asteroid ill the I)ast, or if it l))ay  illl}]act  on tllc surface
of tllc asteroid ill the future. Next, so]l]e  brief col[llllcntso)) the l)ossil~lr  II Iodcs  ill wllicll  a l)articlc
IIlay  I)ccoltle  tral]}]cxl iiito  Stillll(! orbits al)out the astcriod arc l)]ade, lrirtally wr  d i s c u s s  tl)e
dyllaltlics and dist,ril)utioll of rc-iltl~)act cjccta is givcl].

5.1 Surface Forces

‘1’llcforcc  actillgon a particle atcacll location ON tlIc surface ofthc aslcroid arises frolll
gravitational and Cmltril)ctal accelerations. ‘J’heauglc Letwmn thcllorlllal vector ancl t,heforcc
vector at a giveu  surface locaiioll lnay bc related to the local slope @ 0]1 the asteroid surface:

II . V1.
cos(7r/2- I/)) =- —.——

jvl.j
(59)

l’or an infiaitc]yrougll surface,  iftllcslopcis]css tllal}  90° then, ill geucral, tllc l)art)iclc  willreltlain
f i x e d .  lfac.c)cfIiciclltof  lJLllkfr ictiollis assllltlcdfo rtllcsLirfacc, itis])ossil)lct oco Illl)Lltcillc
sltlallest, allglc for whictl  a particle wilt be subject to slidiug on t,hc surface. Givf.’n  a cocificicllt of
friction for tllcs~lrfacc-l):irtit-lc l)air (It}), tl]clilrlitirlgslol)c anglcis collll)ll(cd as  (Greenwood,
19s8):

/1]< = tan @ (60)

‘J’hus,f orall illfillitclyrougl)  s u r f a c e  (p~= cm), thclilllitill~, slopcis90c’, \vllilc  foral)crfcctly
srtlootlh  surface (1<~,  = O), the li]nitiugslopc is OO . Whereas this bulk characterization of friction is
extmncly siltlplificd  a)ld  does not account, for the actual p]lysics of slidiug or rolling fric.tioll,  it
d o t s  l)rovidca silnplewaytoassigu abu]k l)lll)ll~ertotl]cs~irfac.e ill questiol). Forthc  assulllcd
dcnsilly  of 2.1 g/CIII ‘~ the IIlaxilllul[i slope over the surface of Castalia is 57(’ \vllicll  occurs at

latitude of-64 and lollgitudro  f-91 degrees, n e a r  t h e  crcvic( between Castalia’slobcs. Figure 16
SIIOWS t,l)c collt,ours  of the slopc over the surface of Castalia for a dcllsity  of 2.1 g/clo:~.

A  friction cocflicicllt ofat] cast- 1 .6  woolcll)er(:c~~lirccl  fora]lol]-slidillg couditiot] tollold
over  tllc cnt, irc  surface of Casta]ia, given  the abovt,  Illaxilll[lltt allglc of 57 (Icgrecs.  l’revious s tudies
llavcassul[icd a lllaxillllllIlslol)cof33° l~efcme slipping occurs (“1’] lolnasct al., 1994) ,  corrcspondiug
to africt,ion cocflicicntl  of 0.65. ‘I’llus, fortllccurrc~lt Castalia lllodcl,  t,llerc  arc illlr)licdslol)es l a r g e
cIIougl I to al low for tlIc IIligratioli ofrcgolith. AII iirt,erestiltg  question is u]iat t}Ic Itii]]i)t]uTtt  de]tsit,<v

of Caslalia would  bc l)cforc  all surface slopes are less than ~i3°. our col[ll)utatio~l, take~l  over t,llc
e n t i r e  sllrfac.c,  itldicatm a IIcccssary dcnsit,y  l]lucl) larger than fcasil~lc  or (Jxl)cct,cd (by  all o rder  of
lllagl)itudc),  i])dicatiug that Casta]ia clcfiuitc]y  has slopes greater tllall 33° .

Anot]lcr qLlal~tityof  il~tcrcst istllcl]lilliril~ll l~clcllsity  whic]l  (;astalia Illayllavcbcforc
l)articlcwat the clld  ofastcroid are thrown off by cent, ril)ctal accelerat ion.  ‘I’llis density IIlaybe
colll]~uted  at cacll  l)ointl of tile surface l)y fllldillg the IIcmssary clcllsily  fot tlIc local I]orlllal  and the

local  forccvcctors tol)c or thogonal .  Forthc  Castaliasllap( and rotat,iorl  IIloclcl tllisl[lillilll llltl
clcnsitlyis 1.3g/clt13 ancl occurs at the longest mcl  of tlhc asteroid, as cxprctcd. ‘1’llis p]accs a lower
bound  011 tlllc dmlsitly  of all Llllcc)llsoliclatecl asteroid (l*urns, 1 9 7 5 ) ,
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lrigure 16: S lopes  over  tlIc Surfa(c of Casta]ia

5.2 Guaranteed Return Speed

11 is possible, by usi]lg  the cxisk]lcc of the zero-velocity cutvm,  to derive an ul)pcr value oll cjccta
v e l o c i t y  wliicll  mlsurcs t}Iatj  all cjccta velocit ies less  thaIl this value will cvtlltua]ly  fzzll  back olIto

t,lIc surface. ‘1’llis u])])cr  bourid is coliscrvativc.  Consider Lltc zero-velocity curves and tl]c 3,$
cquilil)riul]l  I)oillts discussed previously. For values of C grxater tlla[l L’+ ,S ttlc zero-velocity curves
d i v i d e  tllc s})acc arou]ld the astmoid into at least two distinct regions, onc  co]lncctcd to infinity
and tltlc ottlcr(s) Colltraining  tfhc a s t e r o i d . F o r  tile Castalia $Ilal)c  wittl a dctlsity  of 2.1 g/cc, tl)e
zero-veloci ty  curvm stilt illtlerscct the Castalia shape wlm C X C+s, thlls there arc two clisjoi~lt
coII)l)oIIcIIts  of this mro-velocity surface wllic.h contain the two  ends of tllc asteroid. Any  ejccta
lau]lcllml  fro~ll tile surface of Castalia with a Jac.ol)i  consta]lt C > C+,s  will stay tra})l)cd  CIOSC to
ttlc surface allct will cvclltually rcilnpact the asteroid. Using  this condition  we can  derive, as a
function of })ositioll  on the Castalia surface, ttlc rtlaxirnultl  ejccta sIjecct whicl]  will guarantee  that
tllc cjccta will fall back o~lto t,hc astferoicl.  l’or speeds  greater  than t}lis spccxl it bccollles  ncccxsary
to illvcstigatc the individual t,rajcct,orics to scc wllcther or not  they fall t,ack to the surface. ‘1’his
sl)cccl is derived I)y solving ttlc equation J(r, i) =: --C3  ,S f(, r the astcroicl relative cjecta velocity
v E iii:

v =- fi(v(r) - ci,;j (61)
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‘1’his result,  is OIIC of scwcral  definite conclusions O1)C I])ay draw c.oncernillg  tl)c final evolutiol) of

c’jccta.  l~igarc  17 prcscllt,s  a contour plot of of tl)c  local  gust antcccl  return sl)md. ‘1’l)e lilnitiag

Spds arc lar.gcr  at tllc ast)cloid  c]lds  a n d  ill t,lle c,rcvicc. ‘1’]Ic  co]lservat,ivc  I)atare  of t,llis l)oulId i s

illdic.atd I)y tjl IC rcgiolls of mro sl)cml  over  the po]cs  of the asteroid. If t}lc assulllcd  Castalia
dctlsity  were larger, tllcsc rc~;iolls would  also have l)ositivc guarantcml rctllt tI s])ccd.
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lpigurc  17: [;uaralltecd Rctl]rll Sl)ccds  Ovcr Castalia’s S u r f a c e . If Iaullc]l  s}jcwcl is less tllall given
S}JCNI tl]c particle returns to the surface.

5.3 I,ocal (Normal) Escape Speed

OIIC way to cllaractcrizc how mca]lc spcccls  will vary across Llle surface of Castalia is to evaluate
the rcqllirccl  speed norlt]al to tl)c local surface that is nrccssary to clwurc twcal)c.  ‘1’his dots not
guara]ltce that tl]c cjccta will cscal,c (although it, will I)e cl, m to tllr true cscal~c s)~cccl in general ) ,
but it does ])rovidc  a cl]aractlcrizatioll  for how the actrlal csc.apc  sl)ccds will vary across (lIC surfiacc
of Castalia.

Assu])lc that a })articlc leaves the asteroid IIorlnal to tile local surfaccj or v :- m w]icre  n is
tl)c  local IIorlllal to tl]c surface and v is tllc cjecta spcccl.  ‘1’IIc inertia] velocity of sucli  a particle is:
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w]lcrc  r is tile vm-tor  to the surface and Q is the asteroid’s allgu]ar vcloc!y vector. ‘1’0 fil)d the
local  csca~)c spcml, set the IIla.gnitude of the inertial velocity equal to {21~(r). ltvaluat,i]lg Lliis
condi t ion  and solvitlg tlhc rcsultaut quadratic equation yielcls:

7) z -11. (Q x l’) + &(iIEj~-,-2U(r)= (imp (63)

‘J’llis qualltit,y h a s  lJcc]I  c.o])l])utlecl  o v e r  the surfac.c  of Castalia usitlg tl)c  ljolyllcdral
g,ravitatiollal field  (Figllrc 18) and is bctwml 0.55 and 0.65 tll/s over l]l(~sl of tlIr surface. III tl]c
crcvicc tllc sl~ccds  arc over  0.65 1]]/s,  w’hilt at tile cl Ids  of tlIf2 asteroid tile s))ccds  dccreasc to
bctwccll 0.35 and 0.55 ]11/s.

Escapr Sl)ccd  (]n/s) - - -
0 . 6 5  - - -
0 .55  - - - -
0.45 .
0.35 ‘“--

,——.-

---------- ------ . . . ,-----. ,.------  ------  -----
$.. . . . . . . . . . . . . .. . . . . . . . . . . : , ,‘ . ,

. . , 1- . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. , -  . , ’
,.$ , ,., . . . ,,. ,’ ‘. t

. . , . . . ,.. ,
. . ..-’ .’ ‘,,
. .. ,- .’ j (i> . . . #,. . . . ...-”-. 0 .

,’ , .,‘, :,.”.. “:::. “; L( ~ ,’ \~.-~
,.. ‘.,

$ $. l’\
, . . . . . . . . . . . . . . . . . . . . . . . . . :“ , l\ ,

. . . . . . .. B lJ<.
:,. ‘ .

, (:J ,: (-}\
,’

. . . . . . . . . ‘------ .  .  .  . ,
\ / ;

, .  ..-.’

l “ \

l-l I
- - - - .

.“
_(:\ )- - - - - - - SL

.-

,.
----. , L .-,

,’
.  [d/

cc

I I .~~-_._l I

o
ljatitudc

-50

-150 -100 -50 0 50 100 150

I,ongitudc  (dcg)

Figure  18: local  Norlt]al l;scal)c S p e e d  Ovcr Cast  alia’s Sllrfacc. If launch sl)ccd  i s  .grcatcr tllarl
givcll  sl)ced  tllc partliclc will cscapr,
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5.4 Constraints on the Origin of an Orbiting Particle

A critmion  lllay  be clcvclopcd  whit.11 can discrilninate whetllcr or not a l]articlc’s trajectory could
eitlhcr  have cunanated  froltl t,hc astcroicl surface or will intersect the asteroid surface in the future.
‘1’his criteria relys on tllc Jacobi i~ltcgral  and is a})})lical>lc to clirec.t, low inclination orbits.

‘lb establish tllc criterion, the Jacol)i integral II]ust  fil st be ex})rcssed  i]] t erlj)s of osculating
orl)ital clcltlc]lts.  Assu]llc that illis evaluation occurs whe]) IIIC particle orbit crosses tllc equator ia l
l)lallc of tllc as teroid ,  as  dcfilicd  by the })lanc  norllla] to tile rotation ))OIC. ‘J’]lcn, expressing tllc
particle oi-l)it ill lcrltls of osculating elelllrllts and assultlin.g  [hat the gravitatio]lal  force })otcntia] is
al)l)roxiltlated l~y n/v, we f ind :

-—
(64)

N e x t  collsidcr tllc Jacobi integral itself, C; := V -- 7};. Evaluatill, g tllc Jacol)i corlstallt over
tllc Cnlt,irc asteroid surface (assulllilig 7}; = O) yields a ll]axillnl~l]  value ~~* clf tl]c Jacobi c.ollstant,
CT. lror ~;astalia ~~” = ‘“2.1223  x 10 -7 kI112/S2 and oc.c.urs at a latitude of -17 degrees and lc)li,gitude
of 67 clegrecs.  lf a l~articlc trajectory inhwsec.ts  the astcroicl surface, that trajectory ]IIUSL IIavc a
Jacol~i  corlslant, ICSS than C+ , as can be easily inferred frolll the relation (; = V – 7>; and 7’J; ~ O.
‘1’])us  if a l)artic.lc orbit,  has a Jac.ol)i  constant C greater than C* , it cloes ]Iot illtcrscct with tile
asteroid surface ill citllcr tllc future or the l)ast.

Using the relation l;quatic)ll 64, we can explicitly relate a give]] orl)it al)out the asteroid with
tllc criteria for whether it mr]allatcd fro]])  the asteroid surface. lf tile itlccjuality

/
;:, + (-d  ~’7’(2a – r) Cos r’ > c*

c1
(65)

IIolds,  tllc]l  tllc IJarticlc’s trajcc.tory could not have originat~cl frolll tllc asteroid surface. Note that
C’  >  1(/(2a) ill .gplcral,  as t;” > n/r’*  > lt/(2a) in gcnelal, where  r * is tllr radius at which the
function V is ]I]axi]l]izcd and a is the sc]tli-~tlajor axis of tll( particle orl)ii  ill quesLioll.  ‘1’hus
whc]lcvcr tlIc i]lcli]latio]l cxceccls  90° the inccluality  is trivially false a]ld  tllc criterion lIo longer
al)p]i  es. III fact, as tllc particle inclinatio]l progressively grows frolll 0° tc) 900, the app]ical)ility of
this criterion dccrcases. ‘J’llus, ill practice, this criterion is (Illly useful for tlcarly equatorial, direct
orl)its. Note that l)actyl is in SUCII an orbit about lda (ljcllon ct al., 1994).  Allowing for tile sltlall
angle al~l)rc)xilt]atioll,  it would  hc valid to set cosi x 1 for r’ < 10°.

Now dcfi IIe two characteristic ]cngths,

1 ()(:” 2
Q=

ip w Cos r’

p=:!
,

where both of these values ltave

0= 1.303 /cos2 i kill

/5’ = 0.443 kttl

(66)

(67)

units of kilometers. For Castalia, these co]lstal]ts are fc)uflcl to IJC:

(68)

(69)

Finally,  assutl)c that tjllc }Jartic.lc orl)it i s  evaluated al periapsis, or r :: CI(l – c). II] th is  case
tllc inequality call  I)c cxl~resscd  ill several differe)ll ways, tl)c two of it)llllcdiate illtcrcst are:

( 1  -  c’){{” -  zla’ + 2cYpa - :(,P’ >  0 (70)

(?’. - O)r’; +  (r: - 2cw’a +  20/3)  r,, - -  O(?’a - $)’ >  0 (71)

A fcw quick notes 011 these illcqualities: Col~clitio~l 70 is a cubic and is useful for cvaluatillg tllc
col]ditioll wllcn  c = O, (;olldition 71 is also valid if ra and ?I1 arc interchallgcd, allcl call  l)c readily
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fac.torcd using  tlIe quadratic  e q u a t i o n :

[1
—.# –  hl’a i 2@p 4cY(r’. -- ,B)2(?’a -- Ct)

1“,, >  - - a — — -
2(7°C  -- N) ‘ - t  ~.. Z,;ra ; 2,,/3)2  ‘“ ] 1 (72)

‘J’llis illcqualitly i s  p lo t ted  ia lrigurc 19 for i = O fro])) ?’a = 7’1 to l’a --+ ~. ‘J’akilg ~11~ lilllil  ‘la ~ ~
yiclcls  tl]r lilllititlg iucqua]ity r~) > w. in tl]e f igure ,  ally  },art!clc whose orl)it wl[icll  falls to tllc r i g h t
of  tl)c solid  lillc could  ])0( l]avc  colt)c  frolu the as teroid  sarfdcc and ally  l~articlc WIIOSC orbit falls to
tllc left of tllc solid litlc ltiay IIavc  col I]c froln the as teroid  sl]rfacc.

AII it[ll)ortal)t ]Joiut  to note ill the l,]ot is that all circular orbits outsid~ of * 2 kttl  could ]lot
liavc ori.gillatcd fro]))  (~astalia’s surface. Recall thal orbits \vith a IIlcall  scllli-lllajor axis witl]ill 1.4
k]]) of (~astalia’s surface arc uustablc. ‘1’IIus, tliis leaves ouly  a relatively st]lall raugc of direct
orl)its wllicll  arc stal~lc  aud wllicl)  potcx]tially  colne froltl t}l( surface c~f tl)t: a s t e r o i d .
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Figure 19: l;jccta Exclusion ~hitf rion  for i = O

5.5 Ejects Transport into Orbit

Collsidcr  tllc poss ib i l i ty for ejccta to clcpartl  the surface of tllc asteroid atld CIICI ill a d i rect
trajectory which is ‘(stable” for solnc lcmgtll  of till)e. ‘1’l)e direct falllily of l~eriodic  orl~its  ]Jrovidcs  a
useful ]Ilcasurc of how close to the askroicl surfacr stal)lc orbits exist. l’or Castalia, lrlcIl]bcrs of
this orl)it falilily with l)eriapsis inside of WI.3  kltl  arc ulistable (Incall scllli-ltlajor axis withiu * 1.4
kin). ‘J’llis places so]tlc  litllitatiolls on the rcgioll wllcrc au (jccta could  bccoIIIc t r a p p e d  iu a stal)lc
orl)it, clcpictccl  ill Figure 20.

‘1’IIc llcccssary conclitio]]  for cjccta to be placcxl  into th is  s table  rc,gioll is that< t,llc perial)sis
radius  bc raisccl  by at least ~1 k]]). ‘J’hc mcc]]anisl)l for this to occur is during an apoapsis p a s s a g e
of tllc orl~it  througl] quaclrauts 1 or 111 of tllc astcmici. ‘J’hr a~lJouut  o f  “kick”  iu tl]e pcriapsis

radius  duc to onc apoapsis passage ]nay raugc up to I,]Ic order of 0.5 kilo][lctcrs  assultning  r’a = 1
k[n aud r;, == 0.5 klu. ]Iowcvcr, after such a  large cllallgc ill pcriapsis subsequclit changes wi l l  be
st)lallcr CIUC to the hig]lcr pcriapsis arlcl lower cccclltricity. ‘1’bus, cwcl I after such a large change iu
l)crial)sis a IIullll)cr of succcsivc c.l)angcs  woulcl still bc required to laise tllc l,crial)sis into the stable
rcgioll. Note that thcm sa~tle orl)its will be subject to c.hallgcs  iu al)oalmis radius ou tllc order of
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kiloll]cters duriug cac.11 pcrial)sis passage, thus ituplyiug that it is ~tIuclI JIlore  likely that, au cjectioll
of  tlIc I)articlc frolll tllc Gstalia systc]n woulcl o c c u r .

For retrograde orl)its the situatiou is diffcrmlt. Note that tfhc farllily of retrograde orl)its
cxtcllds all tllc way down  to the as(lcroicl surface, with stal~lc  orbits existing withiu IIundrcds of
IJlctcrs froll]  tllc a s t e r o i d  surfac.c.  IU this situatiou the cjccta orbits arc IIot susccl)tiblc to large
cllangcs ill pcri- al)d  apoa}mis  radius, and thus a I)lcc.ha])is]ll  like  that for direct orl~its  Illay  lIot

allp]y.
A Illorc likely  scenar-io  follows. Collsidcr  that, arl ilnl)act bctwecl]  asteroids IIIay  effectively

dispcrm a })ortliou of tllc asteroid itlto SOIIIC velocity distril)lltlio~l. All t}lat  is required is that soIIie

~llmul)crs  of the velocity dis{ril)ut,io]l  be givcw sl)ced  of w 0.7 kill/s iu a re t rograde  dircc.tiorl, and

that,  the initial radius of the l)articlc, as measured froll]  tl]c  asteroid cclltcr of IIiass, is large Cuougll
for tllc ~)articlc’s  trajectory to avoid tllc lollgcr e)lds  of tl)c resulting ast croid. ‘I’l Ius this scenario

il!ll~licitly  illlp]ics that ollc  of the ]ongcr cuds of the astcroicl is muoved  ill tllc collisiou.

5.6 Distribution of Re-Impact  Ejects

A I I illl})ortallt  issue to address is the expcctecl dist ributiou (of re-ilnpact cjccta over tllc surface of
Castalia. ‘1’llcrc arc two a})proaches ouc luay take to derive estiruates of tllcsc distributions. ‘J’lle
first, al]cl sill]  p]cst, is to idcutify regions of the Castalia surface which nave large slopes (as defiucd
earlier). Rcturu ejects iu these rcgious will be susceptible to rluigratiol].  ‘J’l Ic sccoud is to
cl]arac.terim  tllc t,rajectorics of cjecta aud leap these back to the surface a~;aiu.

5.6.1 Surface distril)ution

Note  frol[l l~igure  16 that tllc rcgio]ls of lowest slo}~c rallgc over the ~lortll })CJIC aud cover the
reg, ions of cacl]  lc)be half-way bctwccu tllc loug CIICIS  a~ld tll~’ crevice. ‘J’ILc southcru I)oIc lIas a
Ulliforlllly  Iligllcr  slo])c.  ]u the viciuity of tllc long e] Ids of the askroid (aroutld lo]lgitudc 0° and
1800) ,  tllc slo~)cs teurl  tc) be higllcr,  although they do not cxcccxl 1.5° , so c)lle IIlay  not Cx])cct II]ucI)

II]igratioll away froll] the cIIds  of the astmoicl. ]uclccd,  the cuds of Castalia SCCIII  to hc hlu]ltcdl
pcrllal)s illdicat,iilg that, ]Iat,ural  ])roccsscs have already shal, ccl  the e~lds of tile as teroid .
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‘1’lIc (kwtalia crcvicc exhibits the largest slo}jcs,  as would  bc cx})cctcd.  It) the interior of tlIe
crcvicc tl)rsc S1O]JCS excm.=d 4 5 ° , larg;c mcmgl]  for OIIC to Cx],wtj the free IIligratioll  of any loose

rcgolitlll.  11] tllcsc mgiolls , h o w e v e r ,  ol]c would expect the regolith to flc)w itlto tllc crcvicc and, cwcr
tilllc, fill it u}). ‘J’lIus, Wllatjcvcr  tllc current s lope  s t ructure  c,f tlIc crcvicc, it would grow stccljer as
ollc  IIlovcs  back in tilllc to t)llc or ig ina l  event  wllell  the current [;astalia was forltlcd.  For tl)e
current, ~~astalia tlhc flow of regolitll  would go frolll tllc soutllml pole, fro]]] tllc lmlgitudc area
around w 70° and potentially frottl tllic Iatituclcs  just south (If tllc 180° loll~i{udc into tllc crevice
w h i c h  cxtmlds  fro]]) tllc sout]l of the 0° ]ongitudc ill a sc]ni-circ]c (i]! latitllclc-lcjllgit(lclc sl)ace) to
tl]c equator at ~ 70°.

I’or tllc currcvlt  (;astalia, a unifor~tl  irlflux  of ejccta would  p r o d u c e  a  Pdirly ulliforl]l
Ijlanketillg over  tllr IIorth l)olc,  ends and over  1[10s1  lorlgitudes  at the  equator .  over  tllc southcrti
IIclllis})llcrc  ollr would  expect a ]Ilorc  dynalilic situation wit])  regolilll  flow illlo tllc crcvicc. l]]
o r d e r  to i]lfcr  all IIistorical  illtlcrIJrctatioll of past rfgolitll rmlistributioll, wc would bc fore.cxl to
co)lsldcr tllc gcol)lrtrica] sl)apc of each  l o b e  and apl~arcllt,  c(,lltlact  polllts, aIt Iol  Ig otflcr  issllcs.  N’oh

that,  wl)ilc tllc soutllcrll  llclllisl)hcrc  has tllc largest  s101)cs,  illclicatillg a ]Ircf’crrml clircctioll  f o r
rcgolit]l flow, tile two lol)cs  arc widely scl)cratjcd  tllcrr. ‘lllIUS,  influx of rc~;(~littl, evc]l over lo]lg
til]lc sl]alls, IIlay  IIot he adequate to “fill-in” this c.rcvicc.

5.6.2 Dylmluics  of cjccta

‘1’llc distril]utio]l of rc-iltll)act cjccta is a very COIIII)ICX problcl]lfor several reasons. First, tllc
l)arali)ctcrsl)aceovcr wllic.1] onc  )Ilustscarch togcllcrateg  l(,l~alrcstllts (]atitudc, l o n g i t u d e  slid
initial velocity vector) is very large. %concl, given  tllc sevcm distortion ill (~astalia’s gravity field
analyt ical  lt)ctllods for Illap}}ing  tile cjccta dynanlics CIOSC  tIJ the surface will not, give  all accurate

o r  tlruc ])icturc. ‘1’lic “l]rutc f o r c e ”  approacli toinvcstigatinp, this qumtiol] wc)uld lmtopcrfor]ll a
Molltc (~arloatlalysis wllcrc tl)e paralllctcrsl)acc issaltlplcd with soltlc bout)ds on tile v e l o c i t y
sallll~litlg.  So]tlc  work has been dollc  wit]]  this al)proac]l by otllcr autlllors (C; cisslcv  ct al., 1994)
usi]lg  a si]t]p]c  slla})c  ]t]odcl  (a tri-axial cllil)soid) and a rcstrict,ed v e l o c i t y  s})acc (collstrainccl  to IIC
Ilor)tlal 10 surface) .  Wcplall to l)crfor]l]  a sil])ilarallalysis \!itll the currcnlt  ]tIodel  ill the  fu ture ,
probal)ly using a l]arallcl coltlputlcr, IT) the  work  of C;eisslm. thc!y llotc(l tllc’  tclldcnc. y of the

rc-ittl}~act  cjccta to accultlulatc on tllc “lcacling-edges’) of tllc asterc,id lda. Llorcover, tllc ejccta
w h i c h  tlclldccl to accu[[lulatc in tlllcsc regions liad ittitial spcmls near escalw s}wcxl.

For  tllc(;astaliall lc)clcltllle leading cdgcs would  bclongitudcsi~l t h e  aI)l)rc)xirIlatcrallgcs
0°-450 and 180 °~2250. ‘I’llatl alllliforlllly fallitIgficlcl  ofejcxta would  im)d  tore-iln])act along
tllclcadillgcclgcs ofthcasleroid can  bcscm Ilsillg  asillll)lc a]lalysisllll(ler  tllc asstlllll)tiolltllattlle
cjecta lcavr tllc surface IIcar cscapc speed. As viewed froltl incrt,ia]  space tlIc cjccta orbits will t,l)c]l
tcxlcl tollavc larger cc.ccntricitif.m  and hcncc apoapsis radii fiirfroln tllc asteroid. ‘J’]] us, after
lcavillg  tllcastc:roid s u r f a c e ,  tllcy will  travelf arcmougl~fr  ollltllcasteroic] scJtllattl  lcirorl)itsi\ ’ill
I)c (Illalitativcly siltlilarto staildard Keplcrian cllil,scs. On  lhcir initialrcturfi tothca.steroid,  t h e n ,
tllcy lnayhe crudc]y It Iodclcd  asillfalling particlmon ncarlystraiglitl ines, fixrd in iner t ia]  space
Givcm such  asituationj it isobviousthattlllc lcaclillg  mlgcsofthc  rotatinf;astfroid will, asa
consequence of their travc], lnovc into these infallingcmbits as time progresses. “1’hc trailing edges
of tll)e astcroicl will, instead, ]Ilovc  away fro~n these irlfal]inp,  orbits, ‘J’llus, olIc would expect to see

a bias toward rc-it]ll~acts 0]1 the leading edges of an astcroitl, at least wllc]) considering cjccta
lcavillg C1OSC to cscal)c sl)ccds.

Wl)cn thccjcctasl)ccds a r c  lowcrtllcc lyllall]icsl)  ccc]tllc]I lllcllll  lc~r[coI lll)licatccl and such  a
siltll~le  a]lalysis dots IIot, al)ply.  [;ast, alia cscapc speeds arc very  slllall (I;i,g(]rc  18), II IUCl I less t,}lall
tllccxl)cctcd itrl})actvclocitly  of an i]ltcrloper (wllicll  c a u s e s  thcinitial cjectafield). ‘I’hus only  a
slllall frac.tiol]  ofcjcct, a will potelltial]y Pall back olIto  tile a~tmoicl. ‘1’lIC fractiol] of ejccta WI1OSC
spcccls  arc less than csca}~c speccl will  fo l low an esscstially chaot ic  cmbit al)out Ille ast,croid  ullti]
t,hcy citllcr cscal)c or return. (l)cJong & S u z u k i , 1995)  del~icts  a ~lll~lll)erc)fsl,ccific t,rajcctorics
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s h o u t  the asteroicl  Castalia, inc.luclir]g  a rc-ilnpactil)g e j ec ts  t ra j ec tory  and all  cscapil)g  cjccta

t r a j e c t o r y .  ]Ioth of tllcsc trajmtories are very colnplex, and both wil l  cllaJlgc  sut~staJltially given

slightly different, st,art, iJlg conditions. ‘1’heir  colIiplex n a t u r e  Iliglllights  tile di{licultics iJl arriving at

gmleral resul ts  col)ccrt)il).g  cjecta re-(listril)lltio]l for low speed cjecta. l’or cjecta s]jeccls  wllicl)  a r c
v e r y  s]llall tllc cjecta distril)utioll will bcgiu to lnilliic  distril, utiol) ])atterlls that arc Ilorlllally
c]lcout)tcrcd 0 1 1  ]I]orc  ]Ilassivc boclics,  with tllc cjecla hciug (Iistributcd ill llIc  vicinity of tl)c iltl])act
site.

6 Conclusions

It) tflis])a])cr wcgavcagellcra]  allalysisoflhc dyllalllics ofclosc orl)itst  otllcastcroid 4 7 6 9
(kistalia. All tlIc results were  possible due totllc existel)cc (, ftlle radar derived sllal)c a~ld rotation
]t)ode].  ‘1’IIc  II)ajoritjyof tllc C.olllputations c a r r i e d  (Jut i]) tf]ispal)cr call  bc ,gcllcratcd  autolllatically
OJICC tllc ltlodel  of all arl)itrary uniforlnly rotating asteroid is givcu. ‘1’11((s this I)al)cr  outlines a
])ot,cllt,ial  analysis ]Jro,gralll  for classifyi]lg a s t e r o i d s  ill terrI1s  ofthc exl)wtc(l  dyllaltlics close  to the

body.
‘1’here  arcsevcral arcastoucllecl  on inthis])a])cr whcle additional analysis is still llccxled.

‘1’lIC predictions of the astcrc]icl  c.apturc and ejection radius ]Iecd furt]lcr itlvcstigat,io)l, 1SSUC5  IIcrc
illc.ludc  tllc ])robal~ility  of  capture  and tllc likely lifctiltleof a ca})turcd  l)arliclc. Also, tllc ])otentia]
ro]~ of t]lc J’c!sollallccs llcc’ds to be addrmscd, as they Jllay  Sigllificalltfy  illflllcnce this p]) CJIOJI]CJIOJI.

‘J’lic distril)ut,ioll of illl])act c<jccta over the surface of au asteroid is all area of research W]losc
surface IIas been barely scratlcll  ccl. Future rcmarch can  focus II} two  IIlalll  areas. ‘I’llc first would
cxl~alld  U])OII tllc analyt ical  a})proachcs dcrivccf  in this pa])cr to estil!latle (Ilc final  e v o l u t i o n  o f
cjcxta. ‘1’llc otllcr wc)uld al~]jroacll  tllc l)rolllelll as a nult]cri{al cxperilllellt. ‘1’his w o u l d  r e t a i l
h40ntc  (~ar]osilt]l]]atio] )stakc]) over thccu tire asteroid surface alldsilll~llatioflsoft]le evo]utionof
sl)ccific  iltl])act,  velocity fields.

A Gravity Coefficients

l“ollowillg  are t,hc (;astalia gravity cocflicicllts tllrougl] ordcl 4. ‘1’hesc cc,cflicicllts  are Ilorlllalizcd,
as dc!fillcd ill (}{au]a,  ]966),  c.oJtII)utcd  with respec t  to a nolrtla]izillg radius  !’O = .543]  kill. ‘1’]le
gellrral forlll of tfle gravitational field can  be exprmsml as:

(73)

w h e r e  l’~,,, are the norvtlalizcd ]mgendre po]ynolnial, ~ is th( spacecraf t  la t i tude and A is the

spacecraf( IOllg’ltudc ill t,llc body-fixed fralll~.

32



Orclcr
o
1
1
2
2
2
3
3
3
3
4
4
4
4
4

l)cgrcc
o
0
1
0
1
2
0
1
2
3
0
1
2
3
4

C Cocflicient
1.0
0.0
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- .110298
0.0

.156733
-.015112
-.037935
.006325
.020568
.036630
.002706

-.051363
.006140
.050334

S CocflicicTlt

0.0

0.0
0.0

.001211

.000616
-.013715

.000407

.003949
-.001747
-.006839

‘J’ah]c 1: Casta]ia Gravi ty  Field  Cocffici<lltsthrtj~lgll  C)ldcr  4
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